Introduction
In this contribution, composite materials consisting of small metal helices are investigated. This type of inclusion is known from artificial chiral materials in the microwave domain, which attracts interest since the early 1990s (Lindell et al., 1994) . While the geometric dimensions are small compared to the wavelength, it is an effective scatterer at resonance. For this reason, metal helices can be used, e.g. to improve microwave absorbers at the lower frequencies. In order to model such materials, full-wave methods and analytical mixing rules have been applied (Whites, 1995; Guérin et al., 1995) . The disadvantage of the proposed approaches is that the mechanisms of mutual couplings can usually not be identified. This prevents the growths of a deeper understanding of such materials.
Here, for a detailed analysis of the scattering mechanisms, a complete multipole model of a single helix is applied. The latter is based on the T-matrix, which relates the complex amplitudes of the incoming and scattered waves both expanded into vector spherical harmonics. Once periodic boundaries are implemented, the scattering parameters of 2D-infinite and regular layers can be calculated.
Layers with more statistics are modeled by an averaging approach (Figure 1 ): the results of several periodic layers are summed up and later on divided by the number of calculated configurations. Thereby, a unit cell of each periodic configuration contains several helices, which are positioned and oriented according to a given statistical distribution. The convergence of the method is checked with respect to the number of required configurations and helices per unit cell. Afterwards, the transition from a 2D-periodic to a random layer is carried out in steps in order to cover a wide range of constellations in a systematic manner. Here, also the role of the different multipole moments in the interaction process is addressed. The full-wave scattering theory is used to check the validity range of the widely used Clausius-Mossotti (CM) mixing theory.
Multipole model
The T-matrix of the helix is calculated according to the procedure outlined in . Thereby, the caused current on the helix (due to the excitation) is divided into elementary dipoles. The scattered fields of the latter are expressed by first-order vector spherical harmonics with respect to the origin of each dipole element. Subsequently, these fields are re-expanded to obtain a common origin for all waves, i.e. the origin of the helix. This algebraic expansion automatically accounts for higher order multipoles since the order of the arising spherical waves increases. The current on the helix is calculated separately for each incoming spherical wave. In this way, the T-matrix is obtained column wise. 
Study of scattering
The type of helix considered in this paper is specified by Table I .
It turns out, that the resonance frequency of such a helix is f res < 4.96 GHz. The implementation of periodic boundaries is not presented in this paper. Details can be found in .
Convergence
An example of how to control the kind of randomness within a layer is shown in Figure 2 .
The helices are located on a rectangular grid and their orientations are variedhere, with respect to the y-axis in the xy-plane. The maximum admissible deviation from the original (periodic) orientation is denoted by the parameter c. Thereby, a random number calculator (uniform distribution) is used to determine the actual orientation of each helix within the layer or the unit cell, respectively.
The investigations in show that the helices have to be very close to each other before higher order multipole effects become noticeable. Here, we choose a lattice constant of 3 mm. As will be also demonstrated later, multipoles of up to third order thus may contribute to mutual coupling. For this reason, the simulation always includes dipoles, quadrupoles and octupoles if not stated otherwise. Figure 3 shows the co-polarized scattering parameters (the cross-polarized parameters show similar behavior and have been omitted here). This investigation has been conducted for 25 helices in the unit cell (5 £ 5 case) and c ¼ 458. The frequency is set to f ¼ 4.6 GHz which corresponds to the resonance of the layer. As can be seen, the scattering parameters do not change much for many (.2,500) configurations. On the other hand, few calculations in the order of 100 are sufficient for a relative deviation of 1-2 per cent. Due to the non-regular convergence, it is generally not possible to interpolate. In this contribution, convergence is assumed if all the scattering parameters of the last 100 configurations deviate by ,10 2 3 from the average value. In terms of the present investigation, convergence is achieved for 528 calculated configurations. This leads to a relative deviation of ,0.5 per cent with respect to the case of 3,000 configurations.
Concerning the magnitude of the scattering parameters, the resonance of the layer at f ¼ 4.6 GHz is the most interesting case. For a further assessment of the solution, the number of helices per unit cell is considered while the grid is kept constant. The results are shown in Figure 4 .
From approximately 49 helices (7 £ 7) on, the influence of the cell size reduces. Compared to the 11 £ 11 case, deviations of only 0.5 dB occur. Due to the pronounced Study of scattering scattering behavior at resonance, this study renders a worst-case scenario. A faster and more regular convergence has been observed for frequencies well below or above the first resonance. Figure 5 shows the cell size versus the required CPU-time and the number of configurations. The latter rapidly drops from above 1,000 to about 400. However, the progression is not regular which as well results from considering the resonance case. In order to yield a more comprehensive conclusion, also the average number of configurations for 91 equispaced frequency points in the frequency range from 4.0 to 5.8 GHz is shown. The smooth behavior as well as the very gentle slope for more than 36 helices per unit cell indicates that a satisfactory convergence is achieved. Further increasing the cell size does not necessarily lead to a much better representation of the statistical parameters. Anyway, concerning the rapidly growing CPU-time of, e.g. nearly 13 hours for 121 helices (one frequency point), a compromise between accuracy and suitability has to be found. The results presented in the following section have been obtained for 49 helices per unit cell. Here, it also has to be remarked, that usually the number of configurations is lower for both larger and smaller values of c. In this sense, the considered case c ¼ 458 represents a worst-case scenario.
Transition from periodicity to randomness
This section contains a study on the effects of different grades of variations. To this end, the parameter c is raised in steps of c ¼ 158 starting from c ¼ 08 (periodic case).
Scattering parameters
The obtained set of curves for the scattering parameters is shown in Figure 6 . It can be seen that, compared to the periodic case, the scattering parameters do not change much for small variations (c ¼ 158). This behavior can be traced back to the fact that the strength of the external excitation for a single helix depends on the cosine of the angle between helix axis and the field vector of the incident wave. For this reason, likewise the co-polarized reflection decreases with increasing c, while the co-polarized transmission grows. It is especially interesting that the cross-polarized reflection drops to 2 35 dB and below. This characteristic is very similar to the vanishing cross-polarized reflection for a bi-isotropic (chiral) medium. The following considerations help understanding the curve progression for the cross-polarized components shown in Figure 6 . The cross-polarized components of the far-field mainly stem from a combination of an electric (p e x e x ) and a magnetic dipole moment (p m y e y ). Here, the vector e denotes the unit vector of the corresponding coordinate. The evoked plane waves superpose differently in the two half-spaces separated by the layer. Therefore, the cross-polarized reflection usually differs from the cross-polarized transmission. For the periodic case, they are nearly equal which is somehow masked in the figure due to the different scaling. But, this can only be the case if one dipole moment dominates the other. Actually, the amplitude of the wave stemming from the magnetic dipole moment is three orders of magnitude larger than that from p e x e x . If the layer as a whole is rotated by 908 and if the excitation is kept constant, the dual case occurs. Apparently, for c ¼ 908 the effects of both dipole moments add up such that the cross-polarized reflection is nearly suppressed.
Here, it has to be remarked, that for c ¼ 908 merely the axis of the helix is randomly orientated in the xy-plane. Since a helix is not symmetrical with respect to its axis, entire randomness is only obtained for c ¼ 1808. Alternatively, this goal could be accomplished by c ¼ 908 and additional (randomly) chosen rotations of 1808 with respect to the helix axis. Further studies show that the influence of the latter type of rotation on the scattering 
Multipoles
The previously shown scattering parameters have been obtained by considering multipoles of up to third order. Concerning the spacing of the helices, this is always sufficient for a precise solution . However, so far the influence of the different contributions has not been investigated. To this end, the results are opposed to those obtained by taking only dipole contributions into account. As an example, the curves of the co-polarized reflection are shown by Figure 7 .
In the periodic case, the two solutions mainly differ in terms of the resonance frequency. Here, a frequency shift of about 150 MHz is visible. This corresponds to a relative error of approximately 3.3 per cent. For increased variations, the curves more and more conform to each other. An interpretation is given in the following. For the periodic layer, the errors that are made in the description of the mutual couplings obviously add up. On the other hand, they tend to average out for random layers. This effect becomes more pronounced with increasing randomness. This was verified by means of several other investigated types of variations. Two more points are worth mentioning:
(1) as has also been found in for a different layer setup, the quadrupoles have only little influence on the solution; and (2) it is remarkable that, although an error is present in the dipole case, the conservation of energy is never violated.
Mixing rule
Multilayered helix arrangements are analyzed next. Without loss of generality, only racemic layers, that is, with equal number of left-and right-turned helices are considered. This is motivated by the reduced amount of data to be processed -a consequence of the missing cross-polar component. A simple example is considered first. For the sake of conciseness, the discussion of the scattering mechanism is kept shorter than above. A multilayered structure of sufficient thickness and with a large number of small inclusions can reasonably be assumed to be homogeneous. Its equivalent material parameters could, for instance, be calculated from its inverted scattering parameters (Chen et al., 2004; Smith et al., 2002) . In contrast, the effective material parameters are obtained from mixing formulas. The following is devoted to the question, whether this approach is suited to describe composite multilayers. To this end, the CM theory is applied to a three-layer helix arrangement. The comparison of the two approaches is conducted based on the scattering parameters instead of the material parameters. This simplifies the physical interpretation of the differences and their consequences.
The effective media theory as formulated by Clausius and Mossotti is only briefly sketched here, since comprehensive representations can be found in the literature (Sihvola, 1999) . The theory provides a simple analytical formulation for the effective material parameters of a general bianisotropic medium. Only the properties of the host medium and the density as well as the average dipole polarizabilities of the inclusions are needed. Averaging possibly has to take into account different types of inclusions, their respective density -this is referred to as multiphase mixture -and their orientation. In this work, the averages are obtained from the scattering approach described above, as it already provides a statistically relevant number of different T-matrices. From the latter, the average T-matrix can be calculated, a 36-element sub-matrix of which yields the averaged dipole polarizabilities. An important aspect arises from this. Both the T-matrix and the dipole polarizabilities are defined with respect to the origin of the respective inclusion. However, as discussed above, the spatial distribution of the particles -and not only their density -might affect the scattering parameters. This is different for the mixing theory, which justifies the following investigations. Figure 8 shows a detail of the analyzed three-layer setup of left-and right-turned helices. The particles are arranged on a D ¼ 6 mm grid. This larger value accounts for the expectation that CM theory performs better in low-density materials.
The effective material parameters of a racemic medium are the permittivity and permeability. Because of the considered anisotropy, these are tensor quantities, though. Incase the helices are essentially aligned with one of the Cartesian coordinates the tensors are diagonal in good approximation. Their elements are different, in general, which reflects the direction and polarization dependent properties of the anisotropic material. Random orientation of the inclusions yields:
that is, a description of the isotropic medium by means of scalars.
Once the effective material parameters have been determined, the reflection and transmission coefficients can be calculated from the boundary conditions at the layer interfaces for a given layer thickness. A mathematical derivation can be found in Berremann (1972) .
Comparisons for periodic layers
A critical issue is the definition of the layer thickness. A slab with a very large number of layers is not problematic in this respect, since it is orders of magnitude thicker than the Study of scattering diameter of the inclusions -in contrast to very thin layers, as considered in this work. The problem has already been addressed in for thin layers of randomly positioned and oriented particles. Strongly varying particle couplings (resonance splitting) do not allow generalizing the results of . This is why these investigations are repeated here for periodic arrangements. Figure 9 shows the calculated scattering parameters for the multilayer of Figure 8 at normal incidence. The electric field vector is parallel to the helix axis. In case of CM simulation, the layer thickness d is varied in steps of 1 mm, the density being adjusted accordingly. The transmission, especially around resonance, exhibits strong variations, partly exceeding 10 dB. These deviations occur at a low level, though. Depending on the value of d, the agreement between the two approaches is better either regarding the dispersion characteristic or the scattering amplitude. In the following, we use:
as a global measure for the deviation. The subscript co refers to co-polarization, the other ones are self-explanatory. The N F frequency points are spaced by 10 MHz and distributed over the whole frequency range shown in Figure 9 . The smallest deviation occurs at d ¼ 18 mm, which reflects the D ¼ 6 mm grid of the three-layer arrangement. Although this minimum was determined in a rather crude and not very general way, this result (which could have been anticipated) shows that CM theory can reasonably be applied to periodic helix arrangements at normal incidence. The good agreement of the reflection coefficient is to be noted. The dependence of d on the angle of incidence is shown in Figure 10 . For comparison, the results for several thickness values are included. Except for very obtuse angles beyond approximately 808, the deviation increases strongly in the transverse electric (TE) case, as opposed to the transverse magnetic (TM) case, where the variations are much less pronounced. This correlates with the excitation strength of each helix, which is to a great extent governed by the angle between helix axis and electric field vector. In the TM case, it increases with the angle of incidence. Obviously, this is beneficial for the agreement between the two theories over a wider angular range. It is further noticeable that around 608, the deviation d even becomes smaller with increasing layer thickness d. This additionally hints at the difficulty of precisely defining the latter. 
Study of scattering
In the following, the density of the inclusions is varied by altering the lattice constant. According to the findings above, the layer thickness is hereby assumed to be three times that value. The calculated reflection coefficient is shown in Figure 11 .
For the sake of conciseness, the spectra of the transmission coefficient are omitted here.
The case of very closely spaced particles (D ¼ 3 mm) with resulting strong mutual coupling exhibits a pronouncedly different resonant frequency, as Figure 11 shows. When higher order moments (up to octupoles) are required for accurate results the dipole based CM theory clearly has weaknesses. This is supported by corresponding results of the scattering approach obtained with only dipole moments. These findings in principle also apply to the transmission behavior. The dependencies are partly quite different, though, especially at the transmission minima.
Comparisons for random layers
In the following, the applicability of CM theory is studied for layers exhibiting some disorder. The starting point is a periodic arrangement with D ¼ 4 mm for which both approaches show a reasonable agreement, at least regarding the reflection coefficient. Figure 12 compares the scattering parameters of a layer with a strictly periodic particle placement, a slightly disordered arrangement, and a purely random distribution. Here, d m denotes the average distance between adjacent inclusions in a cell and c p the maximum deviation between nominal and actual particle position in case of random distribution. The latter are determined numerically by "shuffling" the arrangement like in the procedure outlined in Ding et al. (1992) . Most noticeably, the reflection coefficient calculated from CM theory exhibits several resonances in the vicinity of its maximum for increased randomness. At the same time, the difference between the transmission coefficients as obtained from the two approaches increases. The scattering approach yields a much broader and less pronounced response at resonance. For the random layer, the difference amounts to more than 45 dB. This clearly reflects the limitations of CM theory, which assumes that all particles interact in the same manner with their environment. More specifically, the varying degree of mutual coupling implies a multitude of resonances at different frequencies. Their superposition determines the behavior of the whole layer, the resonance of which thus exhibits a reduced quality factor. Further, by placing such a layer in front of a metallic screen, the poor agreement remains Jacob, 2006, 2008) . From this, it can be concluded that for many structures consisting of the considered helices CM theory is inappropriate or may only be applied for a first estimation of the properties.
Nonetheless, one can retain from the above findings that CM theory also has its strengths, namely when the particles:
. are homogeneously distributed; and . couple only weakly as, for instance, in low density materials.
To elaborate this last point, the case of a random layer issued from the above periodic arrangement with D ¼ 4 mm shall be considered. For reduced coupling, the helices are centred in embedding spheres of 3 mm diameter and consisting of a lossy dielectric material. Figure 13 shows the results. 
Study of scattering
As expected, the agreement between the two approaches improves with increasing loss. If, in turn, one reduces the mutual coupling of the inclusions by embedding them randomly in a lossy background material, such as in microwave absorbers (Meiners and Jacob, 2006) , CM theory could well be applied to tailor the properties of such arrangements (Reinert et al., 2001) .
Conclusion
Periodic and random layers of small metal helices are investigated. Thereby, periodic boundaries are also applied for random layers, but in conjunction with an averaging hypothesis. The randomness is controlled by a linear parameter used to set a maximum angle between the periodic and actual helix orientations. This exemplary type of variation is studied in view of convergence aspects. Amongst others, it turns out that few helices in the range of 40 per unit cell are convenient to render the statistics. For layers with an appreciable randomness, it is possible to restrict the analysis to dipole interactions. Classical mixing theories, such as from CM can be applied if mutual particle coupling is weak.
